THE REAL AND RATIONAL COHOMOLOGY OF DIFFERENTIAL FIBRE BUNDLES BY JOEL WOLF
Abstract. Consider a differential fibre bundle (E, ir, X, G/H, G). Under certain reasonable hypotheses, the cohomology of the total space E is computed in terms of the cohomology of the base space X and algebraic invariants of the imbedding of H into G.
0. Introduction. Consider a differential fibre bundle a = {E,m,X,G/H,G),
where G is a compact, connected Lie group and H is a compact, connected subgroup of G, E and X are differentiable manifolds, and it: E -» X is a differentiable map. One would like to compute the cohomology of the total space E in terms of the cohomology of the base space X and certain algebraic invariants of the imbedding of H into G. where C*(X; K) is regarded as a right differential C*{BG; K)-module via the differential multiplicative map g* and C*(BH; K) is regarded as a right differential C*(BG; K)-module via the differential multiplicative map /*.
In this paper we prove the following result.
Theorem. Given a differential fibre bundle o = {E,tt,X,G/H,G),
where K is the reals R or the rationals Q, and X = G'/H' is a homogeneous space formed as the quotient of a compact, connected Lie group G' by a compact, connected subgroup H' of deficiency 0 in G', then there is an algebra isomorphism
This result is a generalization of the results of Baum and Smith [2] , and is in the same spirit. See also Wolf [7] , [8] for related results.
§1 contains the necessary preliminaries. §2 contains the proof of the Theorem.
1. tor, Tor, and the two-sided Koszul construction. In this section we shall define torA (M, N) and Tor,, (Af, TV) in the special case where
is a polynomial algebra. The definition is in terms of the so-called two-sided Koszul construction.
Fix K to be a field, and suppose P[xu .. ., xn] is a polynomial algebra over K. Consider the exterior algebra over K, where n¡ has INTERNAL degree Deg(x,), EXTERNAL degree -1, and hence bidegree (Deg(x,), -1) and degree Deg(x,) -1 in the associated graded algebra over K. Proof. Simply check that the first two-sided Koszul construction is a projective resolution. See, for example, Baum and Smith [2] .
(b) Tor. Suppose again that A = P[xx, . . . , x"\ but now suppose also that M is a right differential v4-module, and TV" is a left differential A -module. We again form the complex M ® E[fiu . . ., ft,] ® N, this time with the natural differential dT = dE + d" where 
Proof. Simply check that the second two-sided Koszul construction is a differential projective resolution. See, for example, Baum and Smith [2] . Now let us recall two important naturality results for torsion products. The first is simply functoriality: 
We claim that T is a map of differential graded algebras; the proof is a direct calculation:
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Since T has an obvious inverse it follows that Tm is the desired isomorphism. The second assertion is proved analogously.
2. The real and rational cohomology of differential fibre bundles. In this section we prove the main theorem. For the sake of exposition, let us first make the following additional assumptions:
(I)tf-R.
(2) H' has maximal rank in C. The general result then will follow by some elementary remarks at the end of the section.
Notation. If M is a Riemannian manifold modeled on a separable Hubert space, then we denote by R"(A/) = R*(A/, d) the differential graded algebra of de Rham cochains with exterior derivative. Recall that we have a natural algebra isomorphism
H*(M, R)s H(R*(M, d)).
Consider the following classifying diagrams: The first diagram in our chase is still commutative, this time by our choice of 04, and the rest of the argument is the same.
Finally we remark that the case K = Q works equally well by simply using graded commutative rational cochains. See Sullivan [6] .
